Abstract: The robustness properties of multivariable plants with either a single input or single output (but not both) under feedback control can be represented succinctly in the frequency domain. Both the robust stability and robust performance of multi-input single-output plants are considered. These results are illustrated for internal model control design of mid-ranging systems. The robust stability of single-input multi-output plants is also considered.
INTRODUCTION
Analysis and design of feedback control for uncertain multivariable plants with linear nominal models is well understood. The approach and its underlying theory are summarised in standard texts such as Zhou et al. [1996] , Dullerud and Paganini [2000] , Skogestad and Postlethwaite [2005] . Such texts advocate synthesis via optimization. However, in the case of SISO plants (single-input single-output) the analytical results may be naturally represented in the frequency domain using either Bode plots or Nyquist diagrams [Doyle et al., 1992] . This gives a useful link between on the one hand classical control design techniques and on the other H ∞ and µ-synthesis. In this paper we show that similar frequency domain representations can be made for two wider classes of plant, MISO (many-input single-output) and SIMO (single-input multi-output), with certain specific but not unreasonable uncertainty structures.
There are many examples of feedback control for nonsquare systems in both the literature and in practice [e.g. Heath, 1996, Pannocchia and Rawlings, 2003 ]. But it is rare for papers to consider and exploit the specific structure that arises with plants that have either a single input or a single output (but not both). Two cases that deserve special consideration are:
• The term mid-ranging is used to describe a control problem with two actuators but only a single measured variable, where an additional control specification is to return one of the actuators to its mid-point. We consider this as a useful case-study in section 3.
• A number of papers have considered the fundamental limitations to feedback control that arise when there is only one actuator but two or more measured variables [Bakhtiara and Harab, 2008 , Chen et al., 2002 , Freudenberg and Middleton, 1999 , Woodyatt et al., 2001 . Fig. 1 . Basic loop for robustness analysis of MISO or SIMO loops. We consider the specific structure M (s) = A(s)B(s) where A(s) is a transfer function matrix with column vector structure and B(s) is a transfer function matrix with row vector structure.
The paper is structured as follows. In section 2 we give the key analytical results. In section 3 we consider both robust stability and robust performance of MISO plants; we consider internal model control for mid-ranging as a useful case-study. In section 4 we consider robust stability of SIMO plants. Conclusions are drawn in section 5.
ANALYTICAL RESULTS
Consider the closed-loop system depicted in Fig 1 where
with A(s)B(s) an n × n L.T.I. (linear time invariant) transfer function matrix and ∆ given by
If the L 2 norm of each ∆ i is bounded by 1 then the loop is stable provided min λ1,...,λn
with Λ a positive definite diagonal matrix given by
If in addition each ∆ i is L.T.I. then the loop is stable provided min
with Λ(ω) a diagonal positive definite matrix given by
. . .
In this paper we will encounter examples where A(s) is an (n × 1) transfer function matrix and B(s) is a (1 × n) transfer function matrix. The key result is given as follows:
Theorem 1. Suppose we have the closed-loop system (1) where A(s) is an (n × 1) transfer function matrix and B(s) is a (1 × n) transfer function matrix with elements
respectively. Suppose further ∆ is given by (2) where each ∆ i is L.T.I. and satisfies
Proof. See Appendix. 2
Remark. A related measure of robustness is given by the complex stability radius Pritchard, 1986, Karow et al., 2006] . A result for the computation of the real stability radius for rank 1 systems can be found in Qiu et al. [1995] . However we have not found (to date) any comparable result for the complex stability radius.
MULTI-INPUT SINGLE-OUTPUT SYSTEMS
In this section we assume a plant with n input channels so u(t) ∈ R n but a single output channel so y(t) ∈ R. The plant model has multiplicative uncertainty on each input channel
The G i terms represent the nominal model while the W i terms are known frequency-dependent weights. The uncertainty is represented by the ∆ i terms which assumed to be L.T.I. satisfying ∆ ∞ ≤ 1.
Robust stability
Suppose we have a single-degree-of-freedom controller u = C(r − y), (11) with C an (n × 1) transfer function matrix. We can write the closed-loop system as
where G is an (1 × n) transfer function matrix with elements G i , W (ω) ∈ R n×n is a diagonal matrix with diagonal elements W i and ∆ is given by (2). See fig 2. We can write this as
This has the same structure as the system considered in Theorem 1 with
Hence:
Corollary 1. The closed-loop system with MISO plant depicted in Fig 2 is robustly stable provided
for all ω where S is the nominal sensitivity given by
We may also write this condition as (17) for all ω. 2
Robust performance
Let us take the infinity norm of a weighted sensitivity as the performance measure. We say the performance is robust provided W p S ∞ < 1 where S is the true sensitivity (as opposed to the nominal sensitivity). As with standard analysis, we introduce a fictitious uncertainty block, as in Fig 3. We have the relations 
3. MISO loop with multiplicative uncertainty on the input channels and a fictitious feedback uncertainty block at the output to quantify robust performance.
and hence
This gives the AB structure considered in Theorem 1 (this time A is an (n + 1 × 1) transfer function matrix and B is a (1 × n + 1) transfer function matrix) with
Corollary 2. Robust performance is guaranteed for the closed-loop system with MISO plant depicted in Fig 3 provided
Case study: internal model control for mid-ranging
Mid-ranging is used to describe control systems where two actuators u 1 and u 2 drive a single measured variable y. The term "mid-ranging" stems from the additional requirement that one of the actuators (u 1 without loss of generality) should also follow a set-point u r . Usually the dynamics of the actuator corresponding to the input u 1 are faster than those of the actuator corresponding to the input u 2 .
Many mid-ranging controllers are constrained to follow the structure of Fig 4, where
Furthermore, both C 1 and C 2 are often restricted to PI structure (C 2 usually has negative gain). In this case the control structure is commonly known as "valve position control". Allison and Ogawa [2003] provide useful tuning rules for this case, which they term MVPC (modified valve position control).
It is well-known that more general structures allow better control. In particular, Henson et al. [1995] give tuning rules for the structure shown in Fig 5. The control inputs are given as
where
and
The tuning rules are termed DS (direct synthesis).
DS is equivalent to the structure of Fig 4 with the choices
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Both the MVPC tuning rules of Allison and Ogawa [2003] and the DS tuning rules of Henson et al. [1995] give an undue emphasis on set-point tracking. Gayadeen and Heath [2009] show that it is straightforward to find improved response by considering the control sensitivities in the frequency domain. The design is closely related to standard IMC (internal model control) tuning rules [Morari and Zafiriou, 1989] . It is therefore useful to consider the IMC structure of Fig 6 where
The control law is u = P u u r + Q(P r − y + Gu).
There is, of course, a close relation between DS and IMC. The control structures of Figs 5 and 6 are equivalent provided C = (I − QG) −1 Q,
Corollaries 1 and 2 take a particularly simple form when expressed for two-input single-output mid-ranging control with internal model control structure. We exploit the relation
Corollary 1a. The closed-loop mid-ranging control system depicted in Fig 6 is robustly stable provided
Corollary 2a. The closed-loop mid-ranging control system depicted in Fig 6 has robust performance provided
Example 1: mid-ranging MISO control
As an example, Henson et al. [1995] consider a two-input single-output plant with nominal transfer function matrix
Its Bode plot is shown in Fig 7. Note that although the gains corresponding to each input are the same, the second input has considerably more phase lag corresponding to the 2 second delay. In Gayadeen and Heath [2009] we proposed an internal model control which resulted in the nominal closed-loop response whose Bode plot is shown in Fig 8. More particularly, the load was shared between actuators according to frequency domain criteria. The top half of Fig 9 shows |Q 1 
jω)| corresponding to the measures in Corollaries 1a and 2a when all weighting functions are set to unity. It can be seen that the design keeps these measures reasonably low. 
SINGLE-INPUT MULTI-OUTPUT SYSTEMS

A dual result
There are dual results for SIMO systems. Consider the closed-loop system in Fig 10. We assume y(t) ∈ R n but u(t) ∈ R. This time we have output multiplicative uncertainty, with the ith entry of y is given as 
with W and ∆ diagonal as before. We assume each ∆ i term to be L.T.I. satisfying ∆ i ∞ ≤ 1. The transfer function matrix G is (n × 1) with ith entry G i .
Suppose we have a single-degree-of-freedom controller u = C(r − y), (38) with C a (1 × n) transfer function matrix. We can write the closed-loop system as
We can write this as
Corollary 3. The closed-loop system with SIMO plant depicted in Fig 10 is robustly stable provided
We may also write this condition as (44) for all ω. 2
Example 2: SIMO control
As a very simple example, consider a single-input twooutput system modeled as
with
The Bode plots of G 1 and G 2 are shown in Fig 11. Note that the bandwidth of G 2 is considerably greater than that of G 1 and also that the gain of G 2 attenuates to zero at steady state. However there is a frequency band (approximately between ω = 10 −2 and ω = 1rad/s that the action of both G 1 and G 2 is significant. Feedback control is required so that y 1 tracks a set-point r and to attenuate the effects of high frequency disturbances on y 2 . A simple internal model control strategy is to set
The controller effectively decouples the two responses by frequency, so that the bandwidth of the servo loop for y 1 is limited to ω ≈ 10 −2 rad/s while the band-region for the regulator on y 2 is between ω ≈ 1rad/s and ω ≈ 10 2 rad/s. The gains of the nominal complementary sensitivity T and the nominal sensitivity S are shown in Fig 12 where
It is therefore intuitively obvious that the closed-loop system is robustly stable. Corollary 3 gives a simple quantitative confirmation: the closed-loop system is guaranteed robustly stable provided
for all ω. Figure 13 superimposes the gains |G 1 Q 1 |, |G 2 Q 2 | and |G 1 Q 1 | + |G 2 Q 2 |. We may conclude, for example, that if W 1 (s) = W 2 (s) = 1 then the closed-loop is guaranteed robustly stable.
CONCLUSION
Standard measures of robustness have a particularly simple interpretation for SIMO and MISO systems. The results all stem naturally from Theorem 1. We have the MISO results with a simple example of mid-ranging control, designed using an internal model control structure. Similarly we have illustrated the SIMO results with a simple example again with an internal model control structure.
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APPENDIX
Proof of Theorem 1. We have Λ(ω)A(jω) ∈ C n×1 and B(jω)Λ(ω) −1 ∈ C 1×n . It follows that Frequency (rad/sec) Fig. 11 . Bode plots of G 1 (solid) and G 2 (dashed) for example 2. We seek the minimum ofσ over all possible λ i (ω). Dropping dependence on ω from the notation, we can write
with equality when
2
